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Abstract. Let R be a graded ring and n ≥ 1 an integer. In this paper, we introduce
and study the notions of Ding n-gr-injective and Ding n-gr-flat modules by using the
notion of special finitely presented graded modules. On n-gr-coherent rings, we investigate
the relationships between Ding n-gr-injective and Ding n-gr-flat modules. Among other
results, we prove that any graded module in R-gr (resp. gr-R) admits Ding n-gr-injective
(resp. Ding n-gr-flat) cover and preenvelope.
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1 Introduction
In 1990s, Enochs, Jenda and Torrecillas, introduced the concept of Gorenstein injective and
Gorenstein flat modules over arbitrary rings [14, 16]. In 2008, Mao and Ding introduced special
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case of the Gorenstein injective modules and they called Gorenstein FP -injective modules, which
renamed by Gillespie by Ding injective [21]. These Gorenstein FP -injective modules are stronger
than the Gorenstein injective modules, and in general an FP -injective module is not necessarily
Gorenstein FP -injective [25, Proposition 2.7]. For this reason, Gao and Wang introduced and
studied in [19] another notion called Gorenstein FP -injective modules which is weaker than the
usual Gorenstein injective modules. Furthermore, all FP -injective modules are in the class of
Gorenstein FP -injective modules (see Section 2 for the definitions of these notions).
In this paper we deal with the graded aspect of some extensions of these notions. As it is known,
graded rings and modules are a classical notions in algebra which build their values and strengths
from thier connection with algebraic geometry (see for instance [29, 30, 31]). Several authors have
investegated the graded aspect of some notions in relative homological algerbra. For example,
Asensio, Lo´pez Ramos and Torrecillas in [1, 2] introduced the notions of Gorenstein gr-projective,
gr-injective and gr-flat modules. In the recent years, the Gorenstein homological theory for graded
rings have become an important area of research (see for instance [4, 20]). The notions of FP -
gr-injective modules is introduced in [3], and in [35] homological behavior of the FP -gr-injective
modules on gr-coherent rings were investigated. Along the same lines, it is natural to generalize
the notion of “FP -gr-injective modules and gr-coherent ring” to “n-FP -gr-injective modules, n-
gr-flat modules and n-gr-coherent rings”. This done by Zhao, Gao and Huang in [36] basing on the
notion of special finitely presented graded modules which they defined via projective resolutions
of n-presented graded modules. Recently, in 2017, Mao via FP -gr-injective modules gave a defi-
nition of Ding gr-injective modules [26]. Under this definition these Ding gr-injective modules are
stronger than the Gorenstein gr-injective modules, and an FP -gr-injective module is not necessar-
ily Ding gr-injective in general [26, Corollary 3.7]. So, for any n ≥ 1, we study the consequences
of extending the notion of n-FP -gr-injective and n-gr-flat modules to that of Ding n-gr-injective
and Ding n-gr-flat modules, respectively. Then, in this paper, for any n ≥ 1 by using n-FP -gr-
injective modules and n-gr-flat modules, we introduce a concept of Ding n-gr-injective and Ding
n-gr-flat modules, and under this definition, Ding n-gr-injective and Ding n-gr-flat modules are
weaker than the usual Gorenstein gr-injective and Gorenstein gr-flat modules, respectively. Also,
for any n ≥ 1, all gr-injective, n-FP -gr-injective modules and gr-flat, n-gr-flat modules are Ding
n-gr-injective and Ding n-gr-flat, respectively, and in general, Ding n-gr-injective and Ding n-gr-
flatR-modules need not be n-FP -gr-injective and n-gr-flat, unless in certain cases, see Proposition
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3.18.
The paper is organized as follows:
In Sec. 2, some fundamental concepts and some preliminary results are stated.
In Sec. 3, we introduce Ding n-gr-injective and Ding n-gr-flat modules for an integer n ≥ 1
and then we give some characterizations of these modules. Among other results, we prove that,
for an exact sequence 0 → A → B → C → 0, if A and B are Ding n-gr-injective, then C
Ding n-gr-injective if and only if every n-presented module in R-gr with gr-pdR(U) < ∞ is
(n + 1)-presented, and it follows that (⊥Dgr−FIn ,Dgr−FIn) is a hereditary cotorsion pair if and
only if every n-presented module in R-gr with gr-pdR(U) < ∞ is (n + 1)-presented and every
M ∈ (⊥Dgr−FIn)
⊥ has an exact left (gr-FIn)-resolution, where Dgr−FIn and gr-FIn denote
the classes of Ding n-gr-injective and n-FP -gr-injective modules in R-gr, respectively. Also, for
a graded left (resp. right) R-moduleM over a left n-gr-coherent ring R: M is Ding n-gr-injective
(resp. Ding n-gr-flat) if and only ifM∗ is Ding n-gr-flat (resp. Ding n-gr-injective). Furthermore,
the class of Ding n-gr-injective (resp. Ding n-gr-flat) modules are closed under direct limit (resp.
direct product). In this section, examples are given in order to show that Ding m-gr-injectivity
(resp. Ding m-gr-flatness) does not imply Ding n-gr-injectivity (resp. Ding n-gr-flatness) for any
m > n. Also, examples are given showing that Ding n-gr-injectivity does not imply gr-injectivity.
In this paper, gr-I denote the classes of gr-injective modules inR-gr and gr-F , gr-Fn andDgr−Fn
denote the classes of gr-flat, n-gr-flat and Ding n-gr-flat modules in gr-R, respectively.
In Sec. 4, it is shown that the class of Ding n-gr-injective and Ding n-gr-flat modules are covering
and preenveloping on n-gr-coherent rings. We also establish some equivalent characterizations of
n-gr-coherent rings in terms of Ding n-gr-injective and Ding n-gr-flat modules.
2 Preliminaries
Throughout this paper, all rings considered are associative with identity element and the R-
modules are unital. By R-Mod and Mod-R we will denote the category of all left R-modules and
right R-modules, respectively.
In this section, some fundamental concepts and notations are stated.
Let n be a non-negative integer and M a left R-module. Then, M is said to be Gorenstein
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injective (resp. Gorenstein flat) [14, 16] if there is an exact sequence
· · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
of injective (resp. flat) left modules withM = ker(I0 → I1) such that Hom(U,−) (resp. −⊗RU )
leaves the sequence exact whenever U is an injective module.
M is said to be n-presented [10, 13] if there is an exact sequence
Fn −→ Fn−1 −→ · · · −→ F1 −→ F0 −→ U −→ 0,
of left R-modules, where each Fi is finitely generated free, and a ring R is called left n-coherent,
if every n-presented left R-module is (n + 1)-presented. M is said to be n-FP -injective [11] if
ExtnR(U,M) = 0 for any n-presented left R-module U . In case n = 1, n-FP -injective mod-
ules are nothing but the well-known FP -injective modules. A right module N is called n-flat if
TorRn (N,U) = 0 for any n-presented left R-module U .
M is said to be Gorenstein FP -injective [25] if there is an exact sequence
E = · · · −→ E1 −→ E0 −→ E
0 −→ E1 −→ · · ·
of injective left modules with M = ker(E0 → E1) such that HomR(U,E) is an exact sequence
whenever U is FP -injective. Then, in [19], Gao and Wang introduced other concept of Gorenstein
FP -injective modules as follows: M is said to be Gorenstein FP -injective [19] if there is an exact
sequence
E = · · · −→ E1 −→ E0 −→ E
0 −→ E1 −→ · · ·
of FP -injective left modules with M = ker(E0 → E1) such that HomR(P,E) is an exact se-
quence whenever P is finitely presented with pdR(P ) <∞.
Let G be a multiplicative group with neutral element e. A graded ring R is a ring with identity
1 together with a direct decomposition R =
⊕
σ∈GRσ (as additive subgroups) such that RσRτ ⊆
Rστ for all σ, τ ∈ G. Thus, Re is a subring of R, 1 ∈ Re and Rσ is an Re-bimodule for
every σ ∈ G. A graded left (resp. right) R-module is a left (resp. right) R-module M endowed
with an internal direct sum decomposition M =
⊕
σ∈GMσ, where each Mσ is a subgroup of the
additive group of M such that RσMτ ⊆ Mστ for all σ, τ ∈ G. For any graded left R-modules
M and N , set HomR−gr(M,N) := {f : M → N | f is R-linear and f(Mσ) ⊆ Nσ for any
σ ∈ G}, which is the group of all morphisms from M to N in the class R-gr of all graded left
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R-modules (gr-R will denote the class of all graded right R-modules). It is well known that R-gr is
a Grothendieck category. An R-linear map f :M → N is said to be a graded morphism of degree
τ with τ ∈ G if f(Mσ) ⊆ Mστ for all σ ∈ G. Graded morphisms of degree σ build an additive
subgroup HOMR(M,N)σ of HomR(M,N). Then HOMR(M,N) =
⊕
σ∈GHOMR(M,N)σ is
a graded abelian group of typeG. We will denote by ExtiR−gr and EXT
i
R the right derived functors
of HomR−gr and HOMR, respectively. Given a graded left R-module M , the graded character
module ofM is defined asM∗ := HOMZ(M,Q/Z), where Q is the rational numbers field and Z
is the integers ring. It is easy to see thatM∗ =
⊕
σ∈GHOMZ(Mσ−1 ,Q/Z).
LetM be a graded right R-module and N a graded left R-module. The abelian groupM ⊗R N
may be graded by putting (M ⊗R N)σ with σ ∈ G to be the additive subgroup generated by
elements x⊗ y with x ∈ Mα and y ∈ Nβ such that αβ = σ. The object of Z-gr thus defined will
be called the graded tensor product ofM and N .
IfM is a graded left R-module and σ ∈ G, thenM(σ) is the graded left R-module obtained by
putting M(σ)τ = Mτσ for any τ ∈ G. The graded module M(σ) is called the σ-suspension of
M . We may regard the σ-suspension as an isomorphism of categories Tσ : R-gr → R-gr, given
on objects as Tσ(M) = M(σ) for any M ∈ R-gr. The forgetful functor U : R-gr → R-Mod
associates to M the underlying ungraded R-module. This functor has a right adjoint F which
associated to M ∈ R-Mod the graded R-module F (M) =
⊕
σ∈G(
σM), where each σM is a
copy of M written {σx : x ∈ M} with R-module structure defined by r∗τx =στ (rx) for each
r ∈ Rσ. If f : M → N is R-linear, then F (f) : F (M) → F (N) is a graded morphism given by
F (f)(σx) =σ f(x).
The injective (resp. flat) objects of R-gr (resp. gr-R) will be called gr-injective (resp. gr-flat)
modules, because M is gr-injective (resp. gr-flat) if and only if it is a injective (resp. flat) graded
module. By gr-pdR(M) and gr-fdR(M) we will denote the gr-projective and gr-flat dimension of
a graded module M, respectively. A graded left (resp. right) module M is said to be Gorenstein
gr-injective (resp. Gorenstein gr-flat) [1, 2, 4] if there is an exact sequence
· · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
of gr-injective (resp. gr-flat ) left (resp. right) modules with M = ker(I0 → I1) such that
HomR−gr(E,−) (resp. −⊗RE) leaves the sequence exact whenever E is a gr-injective R-module.
The gr-injective envelope ofM is denoted by Eg(M). A graded left moduleM is said to be Ding
gr-injective [26] if there is an exact sequence · · · → I1 → I0 → I
0 → I1 → · · · of gr-injective left
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modules, withM = ker(I0 → I1) such that HomR−gr(E,−) leaves the sequence exact whenever
E is a FP -gr-injective R-module.
Definition 2.1 ([36], Definition 3.1). Let n ≥ 0 be an integer. Then, a graded left module U is
called n-presented, if there exists an exact sequence Fn → Fn−1 → · · · → F1 → F0 → U → 0 in
R-gr with each Fi is finitely generated free R-module.
Set Kn−1 = Im(Fn−1 → Fn−2) and Kn = Im(Fn → Fn−1). Then we get a short exact
sequence 0 → Kn → Fn−1 → Kn−1 → 0 in R-gr with Fn−1 is a finitely generated free module.
The modules Kn and Kn−1 will be called special finitely gr-generated and special finitely gr-
presented R-modules, respectively. The sequence (∆) : 0 → Kn → Fn−1 → Kn−1 → 0 in R-gr
will be called a special short exact sequence.
Moreover, a short exact sequence 0→ A→ B → C → 0 in R-gr is called special gr-pure if the
induced sequence
0 −→ HOMR(Kn−1, A) −→ HOMR(Kn−1, B) −→ HOMR(Kn−1, C) −→ 0
is exact for every special finitely gr-presented module Kn−1. In this case A is said to be special
gr-pure in B.
Analogously to the classical case, a graded ringR is called left n-gr-coherent if each n-presented
module in R-gr is (n+ 1)-presented.
Ungraded n-presented modules have been used by many authors in order to extend some ho-
mological notions. For example, in [9], M is called FPn-injective if Ext
1
R(L,M) = 0 for all n-
presented left R-modules L. In 2018, Zhao, Gao and Huang in [36] showed that if we similarly use
the derived functor EXT1 to define the FPn-gr-injective and FP∞-gr-injective modules, then they
are just the FPn-injective and FP∞-injective objects in the class of graded modules, respectively.
If L is an n-presented graded left R-module with n ≥ 2, then EXT1R(L,M) = Ext
1
R(L,M) for
any graded R-moduleM . For this reason, they introduced the concept of n-FP -gr-injective mod-
ules as follows: A graded left R-moduleM is called n-FP -gr-injective [36] if EXTnR(N,M) = 0
for any finitely n-presented graded left R-module N . If n = 1, then M is FP -gr-injective. A
graded right R-moduleM is called n-gr-flat [36] if TornR(M,N) = 0 for any finitely n-presented
graded left R-module N .
If U is an n-presented graded left R-module and 0 → Kn → Fn−1 → Kn−1 → 0 is a special
short exact sequence inR-gr with respect to U , then EXTn+1R (U,M)
∼= EXT1R(Kn−1,M) for any
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graded leftR-moduleM , andTorRn+1(M,U)
∼= TorRn+1(M,Kn−1) for any graded rightR-module
M . The n-FP -gr-injective dimension of a graded leftR-moduleM , denoted by n.FP -gr-idR(M),
is defined to be the least integer k such that EXTk+1R (Kn−1,M) = 0 for every special gr-presented
Kn−1 in R-gr. The n-gr-flat dimension of a graded right R-moduleM , denoted by n-gr-fdR(M),
is defined to be the least integer k such that TorRk+1(M,Kn−1) = 0 for every special gr-presented
Kn−1 in R-gr. Also, r.n.FP -gr-dim(R)= sup{n.FP-gr-id(M) | M is a graded left module} and
r.n-gr-dim(R)= sup{n-gr-fd(M) | M is a graded right module}.
3 Ding n-gr-Injective and Ding n-gr-Flat Modules
In this section, we introduce and study Ding n-gr-injective and Ding n-gr-flat modules which are
defined as follows:
Definition 3.1. Let R be a graded ring and n ≥ 1 an integer. Then, a moduleM in R-gr is called
Ding n-gr-injective if there exists an exact sequence of n-FP -gr-injective modules in R-gr of this
form:
A = · · · −→ A1 −→ A0 −→ A
0 −→ A1 −→ · · ·
with M = ker(A0 → A1) such that HOMR(Kn−1,A) is an exact sequence whenever Kn−1 is
special gr-presented with gr-pdR(Kn−1) <∞.
A module N in gr-R is called Ding n-gr-flat if there exists the following exact sequence of n-gr-
flat modules in gr-R of this form:
F = · · · −→ F1 −→ F0 −→ F
0 −→ F 1 −→ · · ·
with N = ker(F 0 → F 1) such that F ⊗R Kn−1 is an exact sequence whenever Kn−1 is special
gr-presented in R-gr with gr-fdR(Kn−1) <∞.
In the ungraded case, the R-modules Ai and A
i (resp. Fi and F
i) as in the definition above, are
called n-FP -injective (resp. n-flat). Also, R-modules M and N are called Ding n-FP -injective
and Ding n-flat, respectively, and Kn−1 is special presented with respect to any n-presented left
R-module U .
Remark 3.2. Let R be a graded ring. Then:
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(1) gr-I ⊆ gr-FI1 ⊆ gr-FI2 ⊆ · · · ⊆ gr-FIn ⊆ Dgr−FIn . But, Ding n-gr-injective
R-modules need not be gr-injective, see Example 3.3(1). Also, gr-F ⊆ gr-F1 ⊆ gr-
F2 ⊆ · · · ⊆ gr-Fn ⊆ Dgr−Fn .
In general, every Ding n-gr-injective (resp. Ding n-gr-flat) R-module is not n-FP -gr-
injective (resp. n-gr-flat), except in a certain state, see Proposition 3.18.
(2) Dgr−FI1 ⊆ Dgr−FI2 ⊆ · · · ⊆ Dgr−FIn and Dgr−F1 ⊆ Dgr−F2 ⊆ · · · ⊆ Dgr−Fn . But
for any integers m > n, Ding m-gr-injective (resp. Ding m-gr-flat) R-module need not be
Ding n-gr-injective (resp. Ding n-gr-flat), see Example 3.3(2, 3).
(3) In Definition 3.1, it is clear that ker(Ai → Ai−1) and ker(A
i → Ai+1) are Ding n-gr-
injective, and ker(Fi → Fi−1), ker(F
i → F i+1) are Ding n-gr-flat for any i ≥ 1.
It is known that the trivial extension of a commutative ring A by an A-moduleM , R = A⋉M ,
is a Z2-graded ring, see [7, 8].
Example 3.3. (1) Let K be a field with characteristic p 6= 0 and let G = ∪k≥1Gk, where Gk is
the cyclic group with generator ak, the order of ak is p
k and ak = a
p
k+1. Let R = K[G]. Then,
by Remark 3.2, R[H] is Ding n-gr-injective for every group H , since by [3, Example iii], R[H] is
n-FP -gr-injective but it is not gr-injective.
(2) Let A be a field, E a nonzero A-vector space and R = A ⋉ E be a trivial extension of A
by E. If dimA E = 1, then by Remark 3.2, every R-module in R-gr is Ding n-gr-injective, see
[6, Corollary 2.2]. If E is an A-vector space with infinite rank, then by [27, Theorem 3.4], every
2-presented in R-gr is projective. So, every module in R-gr is 2-FP -gr-injective and hence, every
module in R-gr is Ding 2-gr-injective. If every module in R-gr is Ding 1-gr-injective, then R is
gr-regular, contradiction.
(3) Let R = k[X], where k is a field. Then, by Theorem 3.16, every module is Ding 2-gr-flat, and
there is a module that is not Ding 1-gr-flat, since l.FP- gr-dim(R) ≤ 1, see Proposition 3.18 and
[36, Example 3.6].
We start with the result which proves that the behaviour of Ding n-gr-injective (resp. Ding n-gr-
flat) modules in short exact sequences is the same as the one of the classical homological notions.
Proposition 3.4. Let R be a graded ring. Then:
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(1) For every short exact sequence 0→ A→ B → C → 0 in R-gr, B is Ding n-gr-injective if
A and C are Ding n-gr-injective.
(2) For every short exact sequence 0 → A → B → C → 0 in gr-R, B is Ding n-gr-flat if A
and C are Ding n-gr-flat.
Proof. (1) By Definition 3.1, there is an exact sequence · · · → A1 → A0 → A
0 → A1 → · · ·
of n-FP -gr-injective modules in R-gr, where A = Ker(A0 → A1), K
′
i = Ker(Ai → Ai−1) and
(Ki)
′
= Ker(Ai → Ai+1). Also, there is an exact sequence · · · → C1 → C0 → C
0 → C1 → · · ·
of n-FP -gr-injective modules in R-gr, where C = Ker(C0 → C1), K
′′
i = Ker(Ci → Ci−1) and
(Ki)
′′
= Ker(Ci → Ci+1). For any n-presented graded left module P , EXTnR(P,Ai ⊕ Ci) =
EXTnR(P,Ai) ⊕ EXT
n
R(P,Ci) = 0, then Ai ⊕ Ci is n-FP -gr-injective for any i ≥ 0. Similarly,
Ai ⊕Ci is n-FP -gr-injective for any i ≥ 0. Therefore, there is an exact sequence
Y = · · · −→ A1 ⊕ C1 −→ A0 ⊕ C0 −→ A
0 ⊕ C0 −→ A1 ⊕ C1 −→ · · ·
of n-FP -gr-injective modules in R-gr, where B = Ker(A0⊕C0 → A1⊕C1),Ki = K
′
i ⊕K
′′
i =
Ker(Ai ⊕ Ci → Ai−1 ⊕ Ci−1) and K
i = (Ki)
′
⊕ (Ki)
′′
= Ker(Ai ⊕ Ci → Ai+1 ⊕ Ci+1). Let
Kn−1 be a special gr-presented with gr-pdR(Kn−1) < ∞. Then, EXT
1
R(Kn−1, B) = 0, and also
we have: EXT1R(Kn−1,Ki) = EXT
1
R(Kn−1,K
′
i ⊕K
′′
i ) = 0. Similarly, EXT
1
R(Kn−1,K
i) = 0.
Consequently, HOMR(Kn−1,Y ) is exact and so, B is Ding n-gr-injective.
(2) By Definition 3.1, there is an exact sequence · · · → A1 → A0 → A
0 → A1 → · · · of n-gr-
flat modules in gr-R, whereA = Ker(A0 → A1),K
′
i = Ker(Ai → Ai−1) and (K
i)
′
= Ker(Ai →
Ai+1). Also, there is an exact sequence · · · → C1 → C0 → C
0 → C1 → · · · of n-gr-flat modules
in gr-R, where C = Ker(C0 → C1), K
′′
i = Ker(Ci → Ci−1) and (K
i)
′′
= Ker(Ci → Ci+1).
Similarly to (1), there is an exact sequence
Y = · · · −→ A1 ⊕ C1 −→ A0 ⊕ C0 −→ A
0 ⊕ C0 −→ A1 ⊕ C1 −→ · · ·
of n-gr-flat modules in gr-R, where B = Ker(A0 ⊕ C0 → A1 ⊕ C1), and if Kn−1 is special
gr-presented with gr-fdR(Kn−1) <∞, then Y ⊗R Kn−1 is exact and so, B is Ding n-gr-flat.
Transfer results of n-FP -injective and Ding n-injective modules with respect to the functor F is
given in the following result.
Proposition 3.5. Let R be a ring graded by a group G.
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(1) IfM is an n-FP -injective left R-module, then F (M) is n-FP -gr-injective.
(2) IfM is a Ding n-injective left R-module, then F (M) is Ding n-gr-injective.
Proof. (1) If 0 → Kn → Fn−1 → Kn−1 → 0 is a special short exact sequence in R-gr with
respect to an n-presented graded left R-module U , then similarly to the proof of [35, Lemma 2.3],
0 = Ext1R−gr(Kn−1, F (M)(σ)) = Ext
n
R−gr(U,F (M)(σ)), and hence by [36, Proposition 3.10],
F (M) is n-FP -gr-injective.
(2) Let M be Ding n-injective. Then, there exists an exact sequence of n-FP -injective left
modules :
B = · · · −→ B1 −→ B0 −→ B
0 −→ B1 −→ · · ·
with M = ker(B0 → B1) such that HomR(K
′
n−1,B) is an exact sequence whenever K
′
n−1 is
special finitely presented with pdR(K
′
n−1) <∞. By (1), F (Bi) and F (B
i) are n-FP -gr-injective
for any i ≥ 0. Since the functor F is exact, we get the following exact sequence
F(B) = · · · −→ F (B1) −→ F (B0) −→ F (B
0) −→ F (B1) −→ · · ·
of n-FP -gr-injective R-modules with F (M) = ker(F (B0) → F (B1)). If Kn−1 is special gr-
presented with gr-pdR(Kn−1) < ∞, then U(Kn−1) is finitely presented with pdR(U(Kn−1)) <
∞. By hypothesis, HomR(U(Kn−1),B) is exact. Therefore, from HomR(U(Kn−1),B) =
HomR−gr(Kn−1,F(B)), it follows that HomR−gr(Kn−1,F(B)) is exact and consequently, the
isomorphism
HOMR(Kn−1,F(B)) =
⊕
σ∈G
HOMR(Kn−1,F(B))σ∈G ∼=
⊕
σ∈G
HomR−gr(Kn−1,F(B)(σ))
implies that F (M) is Ding n-gr-injective.
Now, we give a characterization of a graded ring R on which n-presented modules in R-gr with
gr-pdR(U) < ∞ (resp. gr-fdR(U) < ∞) are (n + 1)-presented. For this, we need the following
lemma.
Lemma 3.6. Assume that every n-presented module in R-gr with gr-fdR(U) < ∞ is (n + 1)-
presented. Then, for any t ≥ 1:
(1) EXTtR(Kn−1,M) = 0 for any Ding n-gr-injective moduleM and any special gr-presented
Kn−1 in R-gr with gr-pdR(Kn−1) <∞.
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(2) TorRt (M,Kn−1) = 0 for any Ding n-gr-flat moduleM in gr-R and any special gr-presented
Kn−1 in R-gr with gr-fdR(Kn−1) <∞.
Proof. (1) Assume thatKn−1 is a special gr-presented with gr-pdR(Kn−1) ≤ m respect to any n-
presented U in R-gr. IfM is Ding n-gr-injective, then, there is a left n-FP -gr-injective resolution
ofM in R-gr. So, we have:
0 −→ N −→ Em−1 −→ · · · −→ E0 −→M −→ 0,
where every Ej is n-FP -gr-injective for every 0 ≤ j ≤ m − 1. Since gr-fdR(U) < ∞, U is
(n + 1)-presented, and so EXTi+1R (Kn−1, Ej) = 0 for any i ≥ 0. Hence, EXT
i+1
R (Kn−1,M)
∼=
EXTm+i+1R (Kn−1, N), and since gr-pdR(Kn−1) ≤ m, it follows that , EXT
i+1
R (Kn−1,M) = 0
for any i ≥ 0.
(2) Assume that Kn−1 is a special gr-presented with gr-fdR(Kn−1) ≤ m for any n-presented U
in R-gr. IfM is Ding n-gr-flat, then there is a right n-gr-flat resolution ofM in gr-R of the form:
0 −→M −→ F 0 −→ · · · −→ Fm−1 −→ N −→ 0,
where every F j is n-gr-flat for every 0 ≤ j ≤ m − 1. Since U is (n + 1)-presented, we
have TorRi+1(F
j ,Kn−1) = 0 for any i ≥ 0. If gr-fdR(Kn−1) ≤ m, then Tor
R
i+1(M,Kn−1)
∼=
TorRm+i+1(N,Kn−1) = 0, and so Tor
R
i+1(M,Kn−1) = 0 for any i ≥ 0.
Theorem 3.7. Let R be a graded ring. Then, the following statements are equivalent:
(1) Every n-presented module in R-gr with gr-pdR(U) <∞ is (n + 1)-presented;
(2) For every short exact sequence 0→ A→ B → C → 0 in R-gr, C is Ding n-gr-injective if
A and B are Ding n-gr-injective.
Proof. (1) =⇒ (2) If B is Ding n-gr-injective, then by Definition 3.1 and Remark 3.2, there is
an exact sequence 0 → K → B0 → B → 0, where B0 is n-FP -gr-injective and K is Ding
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n-gr-injective. The following commutative diagram with exact rows exists:
0

0

0 // K

K

0 // D //

B0 //

C // 0
0 // A //

B //

C //

0
0 0 0
By Proposition 3.4(1), D is Ding n-gr-injective, and so we have a commutative diagram in R-gr:
· · · // D1 //
  ❅
❅❅
❅❅
❅❅
❅
D0 //
❄
❄❄
❄❄
❄❄
❄
B0 //
❄
❄❄
❄❄
❄❄
❄
E0 //
  ❅
❅❅
❅❅
❅❅
❅ E
1 // · · · ,
L0
>>⑦⑦⑦⑦⑦⑦⑦⑦
!!❇
❇❇
❇❇
❇❇
❇
D
??⑧⑧⑧⑧⑧⑧⑧⑧
  ❆
❆❆
❆❆
❆❆
❆❆
C
??⑧⑧⑧⑧⑧⑧⑧⑧
  ❆
❆❆
❆❆
❆❆
❆❆
L1
>>⑦⑦⑦⑦⑦⑦⑦⑦
!!❇
❇❇
❇❇
❇❇
❇❇
0
==⑤⑤⑤⑤⑤⑤⑤⑤
0
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
0
>>⑥⑥⑥⑥⑥⑥⑥⑥
0
>>⑤⑤⑤⑤⑤⑤⑤⑤⑤
0
whereDi andB0 are n-FP -gr-injective, E
i is gr-injective, C = Ker(E0 → E1),D = Ker(B0 →
C), Li = Ker(Di → Di−1) and L
i = Ker(Ei → Ei+1). By Remark 3.2, Ei and Li are Ding
n-gr-injective and hence by Lemma 3.6(1), EXTtR(Kn−1, Li) = EXT
t
R(Kn−1,D) = 0 for any
special gr-presented Kn−1 with gr-pdR(Kn−1) < ∞. Therefore, we have the following exact
commutative diagram :
Hom(Kn−1,D1) //
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
Hom(Kn−1,D0) //
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
· · ·
Hom(Kn−1, L0)
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
Hom(Kn−1,D)
88qqqqqqqqqqq
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
0
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦ 0
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦ 0
Hence C is Ding n-gr-injective.
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(2) =⇒ (1) Let U be an n-presented graded left R-module with gr-pdR(U) < ∞, and let
0 → Kn → Fn−1 → Kn−1 → 0 be a special short exact sequence in R-gr with respect to U ,
where Kn is special gr-generated. We show that Kn is special gr-presented. Let M be a Ding
n-FP -injective module and 0 → M → E → L → 0 an exact sequence in R-Mod, where E is
injective. Then, 0 → F (M) → F (E) → F (L) → 0 is exact, where F (M) and F (E) are Ding
n-gr-injective by Proposition 3.5. So by (2), we deduce that F (L) is Ding n-gr-injective. We have:
0 = Ext1R−gr(Fn−1, F (M)) −→ Ext
1
R−gr(Kn, F (M)) −→ Ext
2
R−gr(Kn−1, F (M)) −→ 0.
So, Ext1R−gr(Kn, F (M))
∼= Ext2R−gr(Kn−1, F (M)). On the other hand,
0 = Ext1R−gr(Kn−1, F (E)) −→ Ext
1
R−gr(Kn−1, F (L)) −→ Ext
2
R−gr(Kn−1, F (M)) −→ 0.
Hence, Ext1R−gr(Kn−1, F (L))
∼= Ext2R−gr(Kn−1, F (M)). Since F (L) is Ding n-gr injective,
we get 0 = EXT1R(Kn−1, F (L))σ
∼= Ext1R−gr(Kn−1, F (L)(σ)) for any σ ∈ G. This implies
that Ext1R−gr(Kn−1, F (L)) = 0 and consequently Ext
1
R−gr(Kn, F (M)) = 0. So, the following
commutative diagram exists:
0 // HomR−gr(Kn, F (M)) //
∼=

HomR−gr(Kn, F (E)) //
∼=

HomR−gr(Kn, F (L)) //
∼=

0
0 // HomR(Kn,M) // HomR(Kn, E) // HomR(Kn, L)
So,Ext1R−gr(Kn, F (M))
∼= Ext1R(Kn,M) = 0 for any Ding n-FP -injectiveR-moduleM . Since
every FP -injective is Ding n-FP -injective, Ext1R−gr(Kn, F (N))
∼= Ext1R(Kn, N) = 0 for any
FP -injective module N and soKn is 1-presented. Therefore, U is (n+ 1)-presented in R-gr.
Corollary 3.8. Let every n-presented module in R-gr with gr-pdR(U) <∞ be (n+1)-presented.
Then, M in R-gr is Ding n-gr-injective if and only if every gr-pure submodule and any gr-pure
epimorphic image ofM are Ding n-gr-injective.
Proof. (=⇒) Let M be Ding n-gr-injective. If the exact sequence 0 → K → M → M
K
→ 0 is
gr-pure, then by [3, Proposition 2.2], EXT1R(Kn−1,K) = 0 for every special gr-presented Kn−1.
So, we have 0 = EXT1R(Kn−1,K)
∼= EXTnR(U,K) for any n-presented module U in R-gr. Thus,
K is n-FP -gr-injective, and hence K is Ding n-FP -gr-injective by Remark 3.2. Therefore, by
Theorem 3.7, M
K
is Ding n-gr-injective.
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(⇐=) Assume that the exact sequence 0 → K → M → L → 0 is gr-pure, where L and K are
Ding n-gr-injective. Then, by Proposition 3.4(1),M is Ding n-gr-injective.
The following definition is the graded version of [15, 24].
Definition 3.9. Let ð be a class of graded left R-module. Then:
(1) ð⊥ = KerExt1R−gr(ð,−) = {C | Ext
1
R−gr(L,C) = 0 for any L ∈ ð}.
(2) ⊥ð = KerExt1R−gr(−,ð) = {C | Ext
1
R−gr(C,L) = 0 for any L ∈ ð}.
Pair (F , C) of classes of gradedR-modules is called a cotorsion theory, if F⊥ = C and F =
⊥C. A cotorsion theory (F , C) is called hereditary, if whenever 0 → F
′
→ F → F
′′
→ 0
is exact in R-gr with F,F
′′
∈ F then F
′
is also in F , or equivalently, if 0 → C
′
→ C →
C
′′
→ 0 is an exact sequence in R-gr with C,C
′
∈ C, then C
′′
is also in C.
Corollary 3.10. Let R be a graded ring. Then, the following statements are equivalent:
(1) (⊥Dgr−FIn ,Dgr−FIn) is a hereditary cotorsion pair;
(2) Every n-presented module in R-gr with gr-pd(U) < ∞ is (n + 1)-presented and every
M ∈ (⊥Dgr−FIn)
⊥ has an exact left (gr-FIn)-resolution.
Proof. (1) =⇒ (2) Let M be a Ding n-injective module and 0 → M → E → L → 0 an exact
sequence in R-Mod, where E is injective. Then, 0 → F (M) → F (E) → F (L) → 0 is exact,
where F (M) and F (E) are Ding n-gr-injective by Proposition 3.5. So by hypothesis, F (L) is
Ding n-gr-injective. If U is an n-presented graded left R-module with gr-pdR(U) < ∞, then
similarly to the proof of Theorem 3.7((2) =⇒ (1)), it follows that U is (n + 1)-presented. Since
(⊥Dgr−FIn)
⊥ = Dgr−FIn and every N ∈ Dgr−FIn has an left exact (gr-FIn)-resolution, then
M ∈ (⊥Dgr−FIn)
⊥ as well.
(2) =⇒ (1) Note that we have to show that (⊥Dgr−FIn)
⊥ = Dgr−FIn . IfM ∈ (
⊥Dgr−FIn)
⊥,
then n-FP -gr-injective resolution · · · → A3 → A1 → A0 → M → 0 ofM in R-gr exists. Also,
we have an exact sequence 0 → M → E0 → E1 → · · · , where any Ei is gr-injective. So, there
exists an exact sequence
Y : · · · −→ A3 −→ A1 −→ A0 −→ E0 −→ E1 −→ · · ·
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of n-FP -gr-injective modules in R-gr with M = Ker(E0 → E1). Let 0 → Kn → Fn−1 →
Kn−1 → 0 be a special short exact sequence with gr-pdR(Kn−1) < ∞. Then, by hypothesis,
Kn is gr-presented with gr-pdR(Kn) < ∞. So, by [32, Theorem 6.10] and by using the inductive
presumption on gr-pdR(Kn−1), we deduce that HOMR(Kn−1,Y ) is exact. Thus, M is Ding
n-gr-injecive and henceM ∈ Dgr−FIn .
Now, if 0→ A→ B → C → 0 is a short exact sequence in R-gr, where A,B ∈ Dgr−FIn , then
by Theorem 3.7, C ∈ Dgr−FIn . Hence, the pair (
⊥Dgr−FIn ,Dgr−FIn) is a hereditary cotorsion
pair.
Proposition 3.11. Assume that every n-presented module inR-gr with gr-fdR(U) <∞ is (n+1)-
presented. Then, for every short exact sequence 0 → A → B → C → 0 in gr-R, A is Ding
n-gr-flat if B and C are Ding n-gr-flat.
Proof. If B is Ding n-gr-flat, then by Definition 3.1 and Remark 3.2, there is an exact sequence
0→ B → F 0 → L→ 0, where F 0 is n-gr-flat andL is Ding n-gr-flat. The following commutative
diagram with exact rows exists:
0

0

0

0 // A // B //

C //

0
0 // A // F 0 //

D //

0
L

L

0 0
By Proposition 3.4(2), D is Ding n-gr-flat, and so we have the following commutative diagram in
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gr-R:
· · · // P1 //
❅
❅❅
❅❅
❅❅
❅
P0 //
❃
❃❃
❃❃
❃❃
❃
F 0 //
❄
❄❄
❄❄
❄❄
❄ D
0 //
  ❆
❆❆
❆❆
❆❆
❆ D
1 // · · · ,
L0
??⑦⑦⑦⑦⑦⑦⑦⑦
  ❆
❆❆
❆❆
❆❆
❆
A
??⑧⑧⑧⑧⑧⑧⑧⑧
  ❆
❆❆
❆❆
❆❆
❆ D
??⑦⑦⑦⑦⑦⑦⑦⑦
  ❆
❆❆
❆❆
❆❆
❆❆
L1
>>⑥⑥⑥⑥⑥⑥⑥⑥
!!❇
❇❇
❇❇
❇❇
❇❇
0
>>⑥⑥⑥⑥⑥⑥⑥⑥
0
??⑦⑦⑦⑦⑦⑦⑦⑦
0
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
0
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
0
where Di and F 0 are n-gr-flat modules, Pi is gr-flat, A = Ker(F
0 → D), D = Ker(D0 → D1),
Li = Ker(Pi → Pi−1) and L
i = Ker(Di → Di+1). By Remark 3.2, Pi and L
i are Ding
n-gr-flat and hence by Lemma 3.6(2), TorRt (L
i,Kn−1) = Tor
R
t (D,Kn−1) = 0 for any special
gr-presented Kn−1 with gr-fdR(Kn−1) < ∞ and any t ≥ 0. So, similarly to the proof Theorem
3.7((1) =⇒ (2)), it follows that −⊗R Kn−1 on the above horizontal sequence in diagram is exact
and so A is Ding n-gr-flat.
Corollary 3.12. Let every n-presented module inR-gr with gr-fdR(U) <∞ be (n+1)-presented.
Then,M in gr-R is Ding n-gr-flat if and only if every gr-pure submodule and any gr-pure epimor-
phic image ofM are Ding n-gr-flat.
Proof. (=⇒) LetM be Ding n-gr-flat andK a gr-pure inM . Then, the exact sequence 0→ K →
M → M
K
→ 0 is gr-pure. So, if Kn−1 is special gr-presented in R-gr, then Tor
R
1 (
M
K
,Kn−1) = 0
and consequently by [18, Lemma 2.1], TorR1 (
M
K
,Kn−1)
∗ ∼= EXT1R(Kn−1, (
M
K
)∗) = 0. Therefore,
the exact sequence 0 → (M
K
)∗ → M∗ → K∗ → 0 is special gr-pure in R-gr, and using [36,
Proposition 3.10], we deduce that (M
K
)∗ is n-FP -gr-injective. By [36, Proposition 3.8], M
K
is
n-gr-flat, and then Proposition 3.11 shows that K is Ding n-gr-flat.
(⇐=) Let K be a gr-pure inM . Then, the exact sequence 0 → K → M → M
K
→ 0 is gr-pure.
So, it follows, by Proposition 3.4(2), thatM is Ding n-gr-flat.
Also, as for the classical injective (resp. flat) notion, the class Dgr−FIn in R-gr (resp. Dgr−Fn
in gr-R) is closed under direct product (resp. direct sum).
Proposition 3.13. Let R be a graded ring. Then:
(1) The class Dgr−FIn in R-gr is closed under direct product.
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(2) The class Dgr−Fn in gr-R is closed under direct sum.
Next definition contains some general remarks about resolving classes of graded modules which
will be useful in Sections 3 and 4. We use gr-I (R) to denote the class of finite injective graded
left modules and the symbol gr-F (R) denotes the class of finite projective graded right modules
(the graded version of [22, 1.1. Resolving classes]).
Definition 3.14. Let R be a graded ring and X a class of graded modules. Then:
(1) We call X gr-injectively resolving if gr-I (R) ⊆ X , and for every short exact sequence
0→ A→ B → C → 0 with A ∈ X the conditions B ∈ X and C ∈ X are equivalent.
(2) We call X gr-projectively resolving if gr-F (R) ⊆ X , and for every short exact sequence
0→ A→ B → C → 0 with C ∈ X the conditions A ∈ X and B ∈ X are equivalent.
By Definition 3.14, Propositions 3.4, 3.11, 3.13, Theorem 3.7 and the graded version of [22,
Proposition 1.4], we have the following easy observations.
Proposition 3.15. Assume that every n-presented module inR-gr with gr-fdR(U) <∞ is (n+1)-
presented. Then:
(1) The class Dgr−FIn is gr-injectively resolving.
(2) The class Dgr−FIn is closed under direct summands.
(3) The class Dgr−Fn is gr-projectively resolving.
(4) The class Dgr−Fn is closed under direct summands.
We know that, if R is a left n-gr-coherent ring, then every n-presented module in R-gr with
gr-fdR(U) <∞ is (n + 1)-presented. So in the following theorem according to previous results,
we investigate the relationships between Ding n-gr-injective and Ding n-gr-flat modules on n-gr-
coherent rings.
Theorem 3.16. Let R be a left n-gr-coherent ring. Then,
(1) ModuleM in R-gr is Ding n-gr-injective if and only ifM∗ is Ding n-gr-flat in gr-R.
(2) ModuleM in gr-R is Ding n-gr-flat if and only ifM∗ is Ding n-gr-injective in R-gr.
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Proof. (1) (=⇒) By Definition 3.1, there is an exact sequence · · · → A1 → A0 → M → 0 in
R-gr, where every Ai is n-FP -gr-injective, and by [36, Theorem 3.17], every (Ai)
∗ is n-gr-flat in
gr-R. So by [32, Lemma 3.53], there is an exact sequence 0 → M∗ → (A0)
∗ → (A1)
∗ → · · · in
gr-R. Hence, we have:
X : · · · −→ P1 −→ P0 −→ (A0)
∗ −→ (A1)
∗ −→ · · · ,
where Pi is gr-projective and Ding n-gr-flat by Remark 3.2 and alsoM
∗ = ker((A0)
∗ → (A1)
∗).
Let 0 → Kn → Fn−1 → Kn−1 → 0 be a special short exact sequence with gr-fdR(Kn−1) < ∞.
Then,Kn is gr-presented with gr-fdR(Kn) <∞, since R is n-gr-coherent. By [32, Theorem 6.10]
and by using the inductive presumption on gr-fdR(Kn−1), we deduce that X ⊗R Kn−1 is exact
and thenM∗ is Ding n-gr-flat.
(⇐=) LetM∗ be Ding n-gr-flat. Then, by (2)(=⇒),M∗∗ is Ding n-gr-injective. By [34, Propo-
sition 2.3.5],M is gr-pure inM∗∗, and so by Corollary 3.8,M is Ding n-gr-injective.
(2) (=⇒) By Definition 3.1, there is an exact sequence 0 → M → F 0 → F 1 → · · · of n-gr-flat
modules in gr-R. By [36, Proposition 3.8], (F i)∗ is n-FP -gr-injective for any i ≥ 0. So by [32,
Lemma 3.53], there is an exact sequence · · · → (F 1)∗ → (F 0)∗ → M∗ in R-gr. For a module
M∗, there is an exact sequence 0→M∗ → E0 → E1 → · · · 0, where Ei is gr-injective. Consider
the following exact sequence:
· · · −→ (F 1)∗ −→ (F 0)∗ −→ E0 −→ E1 −→ · · ·
withM∗ = ker(E0 → E1). Hence by analogy with the proof of Corllary 3.10 ((2) =⇒ (1)), we
obtain thatM∗ is Ding n-gr-injective.
(⇐=) LetM∗ be Ding n-gr-injective. Then, by (1)(=⇒),M∗∗ is Ding n-gr-flat. By [34, Propo-
sition 2.3.5],M is gr-pure inM∗∗, and so by Corollary 3.12,M is Ding n-gr-flat.
Next, we are given other results of Ding n-FP -gr-injective and n-gr-flat modules on n-gr-
coherent rings.
Proposition 3.17. Let R be a left n-gr-coherent ring. Then,
(1) the class Dgr−FIn in R-gr is closed under direct limit.
(2) the class Dgr−Fn in gr-R is closed under direct product.
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Proof. (1) Let U ∈ R-gr be an n-presented and let {Ai}i∈I be a family of n-FP -gr-injective
modules in R-gr. Then by [36, Theorem 3.17], lim
−→
Ai is n-FP -gr-injective. So, if {Mi}i∈I is a
family of Ding n-gr-injective modules in R-gr, then the following n-FP -gr-injective compelex
Yi = · · · −→ (Ai)1 −→ (Ai)0 −→ (Ai)
0 −→ (Ai)
1 −→ · · · ,
where Mi = ker((Ai)
0 → (Ai)
1), induces the following exact sequence of n-FP -gr-injective
modules in R-gr:
lim
−→
Yi = · · · −→ lim
−→
(Ai)1 −→ lim
−→
(Ai)0 −→ lim
−→
(Ai)
0 −→ lim
−→
(Ai)
1 −→ · · · ,
where lim
−→
Mi = ker(lim
−→
(Ai)
0 → lim
−→
(Ai)
1). Assume that Kn−1 is special gr-presented with gr-
pdR(Kn−1) <∞, then by [36, Proposition 3.13],
HOMR(Kn−1, lim
−→
Yi) ∼= lim
−→
HOMR(Kn−1,Yi).
By hypothesis, HOMR(Kn−1,Yi) is exact, and consequently lim
−→
Mi is Ding n-gr-injective.
(2) Let U ∈ R-gr be an n-presented and let {Fi}i∈I be a family of n-gr-flat modules in gr-R.
Then by [36, Theorem 3.17],
∏
i∈I Fi is n-gr-flat. So, if {Mi} is a family of Ding n-gr-flat modules
in gr-R, then the following n-gr-flat compelex
X i = · · · −→ (Fi)1 −→ (Fi)0 −→ (Fi)
0 −→ (Fi)
1 −→ · · · ,
where Mi = ker((Fi)
0 → (Fi)
1), induces the following exact sequence of n-gr-flat modules in
gr-R:
∏
i∈I
X i = · · · −→
∏
i∈I
(Fi)1 −→
∏
i∈I
(Fi)0 −→
∏
i∈I
(Fi)
0 −→
∏
i∈I
(Fi)
1 −→ · · · ,
where
∏
i∈IMi = ker(
∏
i∈I(Fi)
0 →
∏
i∈I(Fi)
1). IfKn−1 is special gr-presented, then
(
∏
i∈I
Xi
⊗
R
Kn−1) ∼=
∏
i∈I
(Xi
⊗
R
Kn−1).
By hypothesis, X i
⊗
RKn−1 is exact, and consequently
∏
i∈IMi is Ding n-gr-flat.
In the following proposition, we show that ifR is n-gr-coherent, then every Ding n-gr-injective in
R-gr is n-FP -gr-injective if l.n-FP -gr-dim(R) <∞, and every Ding n-gr-flat in gr-R is n-gr-flat
if r.n-gr-dim(R) <∞.
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Proposition 3.18. Let R be a left n-gr-coherent ring.
(1) If l.n-FP -gr-dim(R) <∞, then every Ding n-gr-injective in R-gr is n-FP -gr-injective.
(2) If r.n-gr-dim(R) <∞, then every Ding n-gr-flat in gr-R is n-gr-flat.
Proof. (1) Let l.n-FP -gr-dim(R) ≤ k. If M is Ding n-gr-injective in R-gr, then there exists an
exact sequence
0 −→ N −→ Ak−1 −→ Ak−2 −→ · · · −→ A0 −→M −→ 0,
where every Ai is n-FP -gr-injective for any 0 ≤ i ≤ k − 1. Since R is n-gr-coherent for any
t ≥ 1, EXTtR(Kn−1, Ai) = 0 for all special gr-presented modules Kn−1 with respect to every
n-presented U in R-g. Let Li = ker(Ai → Ai−1). Then, we have
EXTk+1R (Kn−1, N)
∼= EXTkR(Kn−1, Lk−2)
∼= · · · ∼= EXT2R(Kn−1, L0)
∼= EXT1R(Kn−1,M).
Since n-FP -gr-idR(N) ≤ k, then 0 = EXT
k+1
R (Kn−1, N)
∼= EXT1R(Kn−1,M)
∼= EXT1R(U,M)
and consequently M is n-FP -gr-injective.
(2) The proof is similar to that of (1).
4 Covers and Preenvelopes by Ding graded Modules
For a graded ring R, let F be a class of graded left R-modules and M a graded left R-module.
Following [5, 36], we say that a graded morphism f : F → M is an F-precover ofM if F ∈ F
and HomR−gr(F
′
, F )→ HomR−gr(F
′
,M)→ 0 is exact for all F
′
∈ F . Moreover, if whenever a
graded morphism g : F → F such that fg = f is an automorphism of F , then f : F →M is called
an F-cover ofM . The class F is called (pre) covering, if each object in R-gr has an F-(pre)cover.
Dually, the notions of F-preenvelopes, F-envelopes and (pre)enveloping are defined.
In this section, by using of duality pairs on n-gr-coherence rings, we investigate Dgr−FIn-
preenveloping, Dgr−FIn-covering, Dgr−Fn-covering and Dgr−Fn-preenveloping.
Definition 4.1 (The graded version of Definition 2.1 of [23]). Let R be a graded ring. Then, a
duality pair over R is a pair (M, C), where M is a class of graded left (respectively, right) R-
modules and C is a class of graded right (respectively, left) R-modules, subject to the following
conditions:
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(1) For any graded moduleM , one hasM ∈M if and only ifM∗ ∈ C.
(2) C is closed under direct summands and finite direct sums.
A duality pair (M, C) is called (co)product-closed, if the class ofM is closed under graded direct
(co)products; and a duality pair (M, C) is called perfect, if it is coproduct-closed, M is closed
under extensions and R belongs toM.
Proposition 4.2. Let R be a left n-gr-coherent ring. Then, pair (Dgr−FIn ,Dgr−Fn) is a duality
pair.
Proof. Let M be an R-module in R-gr. Then by Theorem 3.16(1), M ∈ Dgr−FIn if and only if
M∗ ∈ Dgr−Fn . By Proposition 3.13(2), any finite direct sums of Ding n-gr-flat modules is Ding
n-gr-flat. Also, by Proposition 3.15(4),Dgr−Fn is closed under direct summands. So, by Definition
4.1, the pair (Dgr−FIn ,Dgr−Fn) is a duality pair.
Proposition 4.3. Let R be a left n-gr-coherent ring. Then, pair (Dgr−Fn ,Dgr−FIn) is a duality
pair.
Proof. Let M be an R-module in gr-R. Then by Theorem 3.16(2), M ∈ Dgr−Fn if and only if
M∗ ∈ Dgr−FIn . By Proposition 3.13(1), any finite direct sums of Ding n-gr-injective modules is
Ding n-gr-injective and by Proposition 3.15(2), Dgr−FIn is closed under direct summands. So, by
Definition 4.1, pair (Dgr−Fn ,Dgr−FIn) is a duality pair.
Theorem 4.4. Let R be a left n-gr-coherent ring. Then:
(1) The class Dgr−FIn is covering and preenveloping.
(2) The class Dgr−Fn is covering and preenveloping.
Proof. (1) Every direct limit of Ding n-gr-injective modules and every direct product of Ding n-gr-
injective modules inR-gr are Ding n-gr-injective by Propositions 3.17(1) and 3.13(1), respectively.
Also, by Corollary 3.8, the class of Ding n-gr-injective modules in R-gr is closed under gr-pure
submodules, gr-pure quotients and gr-pure extensions. So, by Proposition 4.2 and [36, Theorem
4.2], we deduce that every R-module in R-gr has a Ding n-gr-injective cover and a Ding n-gr-
injective preenvelope.
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(2) Every direct sum of Ding n-gr-flat modules and every direct product of Ding n-gr-flat modules
in gr-R are Ding n-gr-flat by Propositions 3.13(2) and 3.17(2), respectively. Also, by Corollary
3.12, the class of Ding n-gr-flat modules in gr-R is closed under gr-pure submodules, gr-pure
quotients and gr-pure extensions. So, by Proposition 4.3 and [36, Theorem 4.2], we deduce that
every R-module in gr-R has a Ding n-gr-flat cover and a Ding n-gr-flat preenvelope.
Now we give some equivalent characterizations for RR being Ding n-gr-injective in terms of the
properties of Ding n-gr-injective and Ding n-gr-flat modules.
Theorem 4.5. Let R be a left n-gr-coherent ring. Then, the following statements are equivalent:
(1) RR is Ding n-gr-injective;
(2) Every graded module in gr-R has a monic Ding n-gr-flat preenvelope;
(3) Every gr-injective module in gr-R is Ding n-gr-flat;
(4) Every n-FP -gr-injective module in gr-R is Ding n-gr-flat;
(5) Every flat module in R-gr is Ding n-gr-injective;
(6) Every graded module in R-gr has an epic Ding n-gr-injective cover;
(7) Every Gorenstein gr-flat module in R-gr is Ding n-gr-injective;
(8) Every graded module in R-gr is Ding n-gr-injective;
(9) Every Gorenstein gr-injective module in gr-R is Ding n-gr-flat.
Proof. (8) =⇒ (7), (7) =⇒ (5) and (9) =⇒ (3) are obvious.
(1) =⇒ (2) By Theorem 4.4(2), every module M in gr-R has a Ding n-gr-flat preenvelope
f : M → F . By Theorem 3.16(1), R∗ is Ding n-gr-flat, and so
∏gr−R
i∈I R
∗ is Ding n-gr-flat by
Proposition 3.17. On the other hand, (RR)
∗ is a cogenerator in gr-R. Therefore, exact sequence of
the form 0 → M
g
→
∏gr−R
i∈I R
∗ exists, and hence homomorphism 0 → F
h
→
∏gr−R
i∈I R
∗ such that
hf = g shows that f is monic.
(2) =⇒ (3) Let E be a gr-injective module in gr-R. Then by (2), homomorphism f : E → F
is a monic Ding n-gr-flat preenvelope of E. So, the split exact sequence 0 → E → F → F
E
→ 0
exists, and so E is direct summand of F . Hence by Proposition 3.15, E is Ding n-gr-flat.
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(3) =⇒ (1) By (3), R∗ is Ding n-gr-flat, since R∗ is gr-injective. So, R is Ding n-gr-injective
by Theorem 3.16(1).
(3) =⇒ (4) Let M be an n-FP -gr-injective module in gr-R . Then by [36, Proposition 3.10],
the exact sequence 0 → M → Eg(M) → E
g(M)
M
→ 0 is special gr-pure. Since by (3), Eg(M) is
Ding n-gr-flat, from Corollary 3.12, we deduce thatM is Ding n-gr-flat.
(4) =⇒ (5) Let F be a flat module in R-gr. Then, F ∗ is gr-injective in gr-R, so F ∗ is Ding
n-gr-flat by (4), and hence F is Ding n-gr-injective by Theorem 3.16(1).
(5) =⇒ (6) By Theorem 4.4(1), every graded moduleM inR-gr has a Ding n-gr-injective cover
f : A → M . By hypothesis, RR is Ding n-gr-injective. Then, similarly to the proof of [36,
Theorem 4.8] ((1) =⇒ (6)), f is an epimorphism.
(6) =⇒ (1) By hypothesis, R has an epimorphism Ding n-gr-injective cover f : D → R, then
we have a split exact sequence 0 → Kerf → D → R → 0 with D is Ding n-gr-injective. So, by
Proposition 3.15, R is Ding n-gr-injective.
(6) =⇒ (8) LetM be a graded module inR-gr. Then, there is a commutative diagram with exact
rows:
N
′
αφ

φ
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
0
  ❇
❇❇
❇❇
❇❇
❇
0 // K
α //

N
ψ
//M // 0
0
where ψ and φ are Ding n-gr-injective cover. Since ψαφ = 0 = ψ, we have αφ = 0 by (6).
Therefore, K = im(φ) ⊆ ker(α) = 0 and so K = 0. Thus, N = M and hence every graded left
moduleM is Ding n-gr-injective.
(2) =⇒ (9) The proof is dual to that of (6) =⇒ (8).
Example 4.6. LetR be a commutative, Gorenstein Noetherian, complete, local ring, m its maximal
ideal. LetE = E(R/m) be theR-injective hull of the residue field R/m of R. By [33, Theorem A],
λ-dim(R ⋉ E) = dimR, where dimR is the Krull dimension of R. We suppose that dimR = n,
then (R ⋉ E) is n-gr-coherent. And if we take in [28, Theorem 4.2] n = 1 and B = {0}, we get
HomR(E,E) = R. Then, by [17, Corollary 4.37], (R ⋉ E) is self gr-injective which implies that
(R ⋉ E) is a left n-FP -gr-injective module over itself. Hence, R ⋉ E is n-FC graded ring (n-
gr-coherent and n-FP -gr-injective), and then by Remark 3.2, (R⋉E) is Ding n-FP -gr-injective.
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For example, the ring R = K[[X1, ...,Xn]] of formal power series in n variables over a field K
which is commutative, Gorenstein Noetherian, complete, local ring, with m = (X1, ...,Xn) its
maximal ideal. We obtain λ-dim(R⋉E(R/m)) = n, that is, R⋉E(R/m) is n-gr-coherent ring.
So according to the above R⋉E(R/m) is n-FC graded ring. So, every left R⋉E(R/m)-module
is Ding n-gr-injective.
Proposition 4.7. Let R be a left n-gr-coherent. Then, (Dgr−Fn ,D
⊥
gr−Fn
) is hereditary perfect
cotorsion pair.
Proof. (=⇒) Let Dgr−Fn be a class of Ding n-gr-flat modules. Then, by Corolary 3.12, Dgr−Fn
is closed under gr-pure submodules, gr-pure quotients and gr-pure extensions. On the other hand,
R ∈ Dgr−Fn by Remark 3.2, and Dgr−Fn is closed under graded direct sum by Proposition 3.13.
So, it follows that duality pair (Dgr−Fn ,Dgr−FIn) is perfect. Consequently by [36, Theorem 4.2],
(Dgr−Fn ,D
⊥
gr−Fn
) is perfect cotorsion pair. Consider the short exact sequence 0 → A → B →
C → 0 in gr-R, where B and C are Ding n-gr-flat. Then, by Proposition 3.11, A is Ding n-gr-flat
and hence perfect cotorsion pair (Dgr−Fn ,D
⊥
gr−Fn
) is hereditary.
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